Abstract. We use Heegaard Floer homology with twisted coefficients to define numerical invariants for arbitrary closed 3-manifolds equipped torsion spin c structures, generalising the correction terms (or d-invariants) defined by Ozsváth and Szabó for integer homology 3-spheres and, more generally, for 3-manifolds with standard HF ∞ . Our twisted correction terms share many properties with their untwisted analogues. In particular, they provide restrictions on the topology of 4-manifolds bounding a given 3-manifold.
Introduction
One of the most fascinating results in low dimensional topology is Donaldson's diagonalizability theorem for intersection forms of smooth 4-manifolds; it asserts that any negative definite intersection form of a closed smooth 4-manifold is diagonalisable over Z. Both assumptions on the 4-manifold, smoothness and closedness, are crucial. On the one hand, an equally fascinating result of Freedman shows that every unimodular symmetric bilinear form appears as the intersection form of some closed topological 4-manifold. On the other hand, an easy construction shows that any symmetric bilinear form is the intersection form of some smooth 4-manifold with boundary. Note however that one cannot control the topology of the boundary. In this paper we are interested in the possible intersection forms of smooth 4-manifolds bounding a fixed 3-manifold.
The main results.
A purely algebraic result of Elkies [4] shows that Donaldson's theorem can be rephrased as a family of inequalities c 2 1 (s) + b 2 (X) ≤ 0 where s runs through all spin c structures on a closed smooth 4-manifold X. It turns out that these inequalities admit generalisations to 4-manifolds with boundary. The first significant progress in this direction was made by Frøyshov [6] using Seiberg-Witten theory and later by Ozsváth and Szabó [14] in the context of Heegaard Floer homology. In this paper we will define a generalisation of the correction terms defined by Ozsváth and Szabó, using Heegaard Floer homology with twisted coefficients: to any spin c 3-manifold (Y, t) we associate a rational number d(Y, t), called the twisted correction term of (Y, t). One of the main goals of the paper is to prove the following general result. Theorem 1.1. Let (Z, s) be a smooth spin c 4-manifold with boundary (Y, t), and suppose that Z is negative semidefinite and c 1 (t) is torsion. We have (1.1)
As indicated above, similar inequalities were obtained by Frøyshov [6, 7] for rational homology 3-spheres and by Ozsváth and Szabó [14] for 3-manifolds with "standard HF ∞ " (see Section 3.3 below). Our approach is very similar to the one taken by Ozsváth and Szabó, but it turns out that the use of twisted coefficients allows us to work with arbitrary 3-manifolds. The proof of Theorem 1.1 occupies Sections 2 to 4, including a brief review of Heegaard Floer homology with twisted coefficients and a discussion of the twisted correction terms and their properties. Starting with Section 5 we return to intersection forms of smooth 4-manifolds with boundary. As a sample, we mention the following result although we actually prove a stronger statement in Corollary 5.4. Theorem 1.2. For any closed, oriented 3-manifold Y there are only finitely many isometry classes of even, semidefinite symmetric bilinear forms that can appear as intersection forms of smooth 4-manifolds bounded by Y .
Note that Theorem 1.2 cannot hold for topological 4-manifolds. Indeed, using Freedman's result one can add arbitrary unimodular summands to the intersection form of any given 4-manifold by connect summing with suitable closed topological 4-manifolds. So the finiteness in Theorem 1.2 is an inherently smooth phenomenon.
In Section 6 we turn to some concrete examples and give some further applications. In particular, for a surface Σ g of arbitrary genus g we compute the twisted correction terms of Σ g × S 1 -which has non-standard HF ∞ for g ≥ 1 -and use Theorem 1.1 to deduce the following. Theorem 1.3. Let Z be a smooth 4-manifold with boundary T 3 or Σ 2 × S 1 . If the intersection form Q Z is negative semidefinite and even, then its non-degenerate part is either trivial or isometric to E 8 , and both of these occur.
Again, we actually prove a slightly stronger statement (Corollary 6.10).
Notation and terminology.
By default, all manifolds assumed to be smooth, compact, connected, and oriented. The letter Y will always indicate a closed 3-manifold. Similarly, we reserve Z for 4-manifolds with connected boundary, and W for cobordisms between non-empty 3-manifolds; and if Y = ∂Z, we refer to Z as a filling of Y . Spin c structures on 3-manifolds will be denoted by t and those on 4-manifolds by s. If (Y, t) is the spin c boundary of (Z, s), then we call the latter a spin c filling. Lastly, for 3-or 4-manifold with torsion-free second cohomology we write t 0 or s 0 for the unique spin c structure with trivial first Chern class, provided that they exist.
over the ring F[U ] ⊗ F F[H 2 (Y )] whose homology groups, denoted by HF
• (Y, t) F , are an invariant of (Y, t) known as Heegaard Floer homology with fully twisted coefficients in F. Following [9] we write R for the F[U ]-modules that have become known as towers. We think of them as relatively Z-graded such that multiplication by U has degree −2 and a subscript T The most common choices for M is the ground ring F itself with the trivial R Yaction. This yields the untwisted Heegaard Floer homology groups HF • (Y, t) F . In all other cases it has become customary to speak of twisted coefficients. Note that for M = R Y one recovers the fully twisted homology groups HF
• (Y, t) F . We will usually suppress the ground ring in the subscript from the notation whenever this does not cause confusion, but at times this more precise notation will be convenient.
It follows from general principles of homological algebra that (2.1) induces a long exact sequence of
while (2.2) gives rise to a universal coefficient spectral sequence
which highlights the universal role of HF • (Y, t) F . We will mostly work with the fully twisted theory. As explained in [9, Section 3] , the groups HF
• (Y, t) F carry a relative Z-grading. Moreover, if c 1 (t) is torsion, then the relative Z-grading can be lifted to an absolute Q-grading [18, Section 7] . We also recall the following result due to Ozsváth and Szabó which is of fundamental importance for our work. 
It is well-known that for any R Y -module M there are induced cobordism maps
The R Y ′ -module M (W ) used in the target is defined as follows. We consider the
where H 2 (Y ) W denotes the image of the map H 2 (Y ) → H 2 (W ) induced by inclusion (and similarly for Y ′ ) and define
For example, in the fully twisted case M = R Y we have R Y (W ) = B W and we denote the cobordism map by
These cobordism maps will play an important role in the proof of Theorem 1. 
where [2] indicates a grading shift by 2.
In the proof we will use the shorthand notation S n for the 3-manifold # n S 1 × S 2 which will also appear later on.
Proof. We argue as in the proof of [16, Theorem 6 .2] to which we refer for further details and notation. As in the untwisted case, it is more convenient to study the complex CF ≤0 instead of CF − . This explains the degree shift in (2.6): CF ≤0 is just CF − with a grading shift. The main difference between the twisted and untwisted cases lies in the definition of the twisted coefficients map
the analogue of the untwisted map Γ. The map Γ 0 corresponding to Γ 0 in the proof of [16, Theorem 6.2] is defined in the same way, as the 'closest point map'. Once we have constructed Γ, the rest of the argument follows verbatim, and we refer the reader to the original proof; we therefore focus only on the construction of Γ. Choose a Heegaard diagram (Σ i , α i , β i ) for Y i , where Σ i has genus g i . As in the untwisted case, consider the triple Heegaard diagram
where the primes denote small Hamiltonian perturbations. It is immediate to check that (Σ, α, β) represents
Following the discussion in [16, Section 8.2 .2] we see that (Σ, α, β, γ) induces a map
To conclude the proof, we need to find a map
In fact, it is an easy check that CF
, and the latter factor has a canonical top degree generator Θ i , which is the same considered in the proof of [16, Theorem 6.2] . This gives the desired embeddings. 
More precisely, the choice of a rational Seifert surface for K gives rise to a splitting 
where the maps F , G, and H are induced by surgery cobordisms.
Proof. The proof of the twisted exact triangle [16, Theorem 9 .21] works here with only minor modification; more precisely, one only needs observe that the proof of [16, Proposition 9 .22] applies also with coefficients in M K .
Since the map H 1 (∂Y K ) → H 1 (Y K ) has rank 1, there is an essential simple closed curve λ 0 ⊂ ∂Y K , well-defined up to isotopy, that has finite order in H 1 (Y K ). By a slight abuse of notation we refer to λ 0 as the 0-framing although it might not actually be a framing in general.
If either λ, µ, or λ + µ agrees with λ 0 , then some care has to be taken when using Proposition 2.5 in the context of fully twisted coefficients. Let γ ∈ {λ, µ, λ + µ} and write
∈ {λ, µ, λ + µ}, then Proposition 2.5 provides a triangle for fully twisted coefficients.
On the other hand, if λ is the 0-framing, in which case K has to be rationally null-homologous, then only Y and Y λ+µ appear with fully twisted coefficients. But we can give a fairly explicit computation of the group HF ∞ (Y λ , t; M K ) which will be useful in conjunction with Proposition 2.5. In fact, we have a free resolution of
showing that Tor
whenever the R λ -action on T ∞ is trivial (as it is in our case), and the universal coefficient spectral sequence collapses at the second page. We have thus proved the following.
Of course, analogous considerations hold when λ + µ is the 0-framing and when K is homologically essential in Y (which is equivalent to µ = λ 0 ).
Twisted correction terms
Let (Y, t) be a closed 3-manifold, equipped with a spin c structure t such that c 1 (t) is torsion. We will refer to (Y, t) as a torsion spin c 3-manifold. In this section, we work over a ground field F. Recall that, when Y is a rational homology sphere, the untwisted group HF + (Y, t) admits a U -equivariant splitting of the form 
for rational homology spheres. We propose another generalisation that is available for all 3-manifolds.
Definition 3.1 (Twisted correction terms). Let (Y, t) be a torsion spin c 3-manifold and let F be a field of characteristic p. We define the (homological) twisted correction term d p (Y, t) ∈ Q as the minimal grading among all non-zero elements in the image of π * : HF Remark 3.2. Using the universal coefficient theorem, it is easy to show that if F ′ is a field extension of F, then the two corresponding correction terms coincide, hence the correction term only depends on the characteristic. In particular, this justifies the notational choice and shows that is suffices to consider F = Q or F p . 
Proof. The universal coefficient theorem shows that HF
, and the first statement readily follows. The second statement follows from the universal coefficient theorem applied to the change of coefficients from Z to F p , together with the observation that HF
In what follows, we will be sloppy and simply write d instead of d p to signify that the results and computations will hold regardless of the characteristic.
If Y is a rational homology 3-sphere, then Proposition 3. It turns out that many properties of the usual correction terms have analogues for d(Y, t). In the rest of this section we describe the effects on d(Y, t) of conjugation of spin c structures, orientation reversal, and connected sums. In Section 4 we will study the behavior under negative semidefinite cobordisms. 1 Moreover, if a spin c structure t is represented by a vector field v, then −v represents the conjugate spin c structure which we denote byt.
Proposition 3.6. The twisted correction terms of (Y, t) satisfy
In particular, if Y has an orientation-reversing self-diffeomorphism that preserves t up to conjugation, then d 
Connected sums.
Next we study the behavior of the twisted correction terms under the connected sum operation.
Proof. The idea is to show that, in the connected sum theorem for HF − , the tensor product of the two towers is mapped surjectively onto the tower in the connected sum, and this immediately proves the statement.
To see this, observe that from (2.6), the Künneth theorem yields a short exact sequence that splits:
is U -torsion; this splitting is far from being unique, but, if we insist upon x i being homogeneous, the degree of x i is well-defined, and indeed deg
Let x = j(x 1 ⊗x 2 ), which is a homogeneous element of degree d(Y 1 , t 1 )+d(Y 2 , t 2 )−2. Since the short exact sequence above splits, and since in the tensor product the only non-U -torsion summand is F[U ]x, we deduce that there is a decomposition of F[U ]-modules
where T is the U -torsion summand. Since the decomposition above determines the degree of x, we obtain the desired equality.
3.3. Manifolds with standard HF ∞ . We now compare the twisted correction terms with the bottom most correction terms that have been studied by Ozsváth and Szabó [14] and later by Levine and Ruberman [10] . 
(It is understood that d and d b are defined using the same coefficient field, and that the statement holds for all characteristics.)
Proof. Let H, Λ and R denote the group H 2 (Y ), the exterior algebra Λ * H and the ring Z[H] respectively; endow Z with the trivial R-module structure, i.e. Z = R/(h − 1 | h ∈ H). Let the graded R-module Λ R := R ⊗ Z Λ, endowed with the trivial differential, be the R-module resolution of Z, and let R, seen as a complex supported in degree 0, be the trivial resolution for R as an R-module. The quotient map R → Z induces a map between the two resolutions, that is an isomorphism of their degree-0 summands. This map, in turn, induces a map of (universal coefficient) spectral sequences from HF
collapses at the second page, and moreover the action of Λ on HF ∞ (Y, t) is induced by the action of Λ on the first page of the spectral sequence. In particular, the bottom-most tower of HF ∞ (Y, t) corresponds to the degree-0 component of Λ, and it follows that HF ∞ (Y, t) maps onto this tower under the map of spectral sequences described above.
Summing up, we have the following commutative diagram
where the top horizontal map is an isomorphism of HF ∞ (Y, t) onto the kernel of the Λ-action on HF
While in general we do not expect equality of d b and d to hold, there are families of examples where the two quantities agree; for instance, all rational homology spheres, and 0-surgeries along knots in the 3-sphere, as the following example shows.
Example 3.9. Let us consider a knot K in S 3 ; it follows from [14,
Let us now look at the twisted surgery exact triangle of [16, Theorem 9.14] associated to the framings ∞, −1 and 0 of K:
It is immediate to see that the map F is multiplication by (1−t) , that the map G, restricted on the tower, is the modeled on the projection Z[t,
and that the map H vanishes on the tower; moreover, the map H has degree −1/2 in the spin c structure with trivial Chern class. In particular,
. Combined with the proposition above, this shows that
Negative semidefinite cobordisms
In this section we prove the core technical result, Theorem 4.1 below, which will imply Theorem 1.1. We will work over the integers, but everything goes through for Q and F p with obvious modifications. The proof is based on the strategy used in Ozsváth and Szabó's proof of Donaldson's theorem [14, Section 9] . Throughout this section (W, s) will be a spin c cobordism between torsion spin c 3-manifolds (Y, t) and (Y ′ , t ′ ). To obtain cleaner statements we introduce the shorthand notation
Before going into the proof we pause to derive some consequences of Theorem 4.1. To begin with, we show that it implies Theorem 1.1.
Proof of Theorem 1.1. Given a negative semidefinite filling (Z, s) of (Y, t) we consider the spin c cobordism from (S 3 , t 0 ) to (Y, t) given by W = Z \ B 4 equipped with the restriction s. Since S 3 is simply connected, Theorem 4.1 applies and the desired inequality is immediate from the fact that δ(S 3 , t 0 ) = 0.
Another consequence of Theorem 4.1 is that the twisted correction terms, like ordinary and generalised correction terms, are rational cobordism invariants.
Proof. Both W and −W are negative semidefinite, and both inclusions Y, Y ′ ֒→ W induce isomorphisms on rational homology by assumption. Hence applying Theorem 4.1 The strategy is to equip the cobordism with a suitable handle decomposition and to investigate the behavior of the twisted correction terms under 1-, 2-, and 3-handle attachments. As usual, the 1-and 3-handles can be treated on an essentially formal level while the 2-handles require more sophisticated arguments -in this case establishing properties of cobordism maps on HF ∞ with suitably twisted coefficients. We begin with the 1-and 3-handles. 
Proof. In the case of a 1-handle attachment we have
For the discussion of 2-handles we switch to a more fitting notation. We consider a framed knot (K, λ) in a 3-manifold Y and write Y λ = Y λ (K) and W λ = W λ (K) for the 3-manifold obtained by λ-framed surgery on K and the corresponding 2-handle cobordism. We have to discuss the cobordism maps induced by W λ and it turns out that we have to distinguish two cases depending on whether K has infinite order in H 1 (Y ) or it represents a torsion class. We begin with the former case which requires some more subtle modifications of the standard arguments for untwisted coefficients.
We first introduce some terminology. For any subgroup V ⊂ H 2 (Y ) we define
Note that V ⊥ contains the torsion subgroup of H 1 (Y ) and that the intersection pairing induces a canonical identification of H 1 (Y ) V ⊥ with the dual group Hom(V, Z). 
such that the action of 
where M is considered as and module over R Y #Sn = R Y ⊗ Z R Sn with trivial R Sn action. Moreover, the action of H 1 (Y #S n ) on the right-hand side is induced by the usual action of H 1 (Y ) on the first factor, and by the contraction with elements of H 1 (S n ) via the intersection product on the second factor. In particular, it is a matter of checking the definition to see that (Y #S n , t#t 0 ) has standard HF ∞ with respect to the subgroup of H 2 (Y #S n ) corresponding to H 2 (S n ). Proposition 4.6. Let (Y, t) be a torsion spin c 3-manifold and let (K, λ) be a framed knot in Y such that K has infinite order in
Moreover, Y λ has V K -standard HF ∞ for any torsion spin c structure t ′ which is cobordant to t via (W λ , s); and the cobordism map induces an isomorphism
where ker[K] is the kernel of the action of [K].
Proof. One readily checks that the inclusion of Y in W λ induces an isomorphism
. According to equation (2.5) we get maps
Now suppose that t ′ is torsion. We can put the maps induced by W λ into a surgery triangle as before and argue as in the proof of [14, Proposition 9.3] that F ∞ W λ ,s vanishes on ker [K] and is injective on the quotient for all field coefficients. The only missing piece is a bound on the rank of HF ∞ (Y λ , t ′ ; M V ) in each degree. To that end, we observe that the E 2 -term of the relevant universal coefficient spectral sequence is given by
where the second isomorphism follows from Shapiro's lemma (see [ We now turn to the case when K has finite order in H 1 (Y ). Proposition 4.8. Let (Y, t) and (K, λ) be as above and suppose that K has finite order in
where t ′ is the restriction of an extension of t to the surgery cobordism.
Remark 4.9. For those familiar with rational linking numbers we note that the b + 2 -condition is equivalent to lk Q (K, λ) ≤ 0 so that the assumptions in the above propositions can be rephrased purely in 3-dimensional terms.
Proof of Proposition 4.8. The main idea is to study exact triangles relating suitable twisted Heegaard Floer homology groups of the manifolds Y , Y λ , and Y λ+µ where the latter is obtained by λ + µ-framed surgery on K. There are three cases to consider according to the change of b 1 under the surgeries:
Case (1) is an immediate adaptation of the proof of [14, Proposition 9.4] . In fact, all relevant cobordisms induce maps between the fully twisted Floer homology groups, and the proof proceeds exactly as in the untwisted case.
Case (2) also follows from an adaptation of the same proof, but with more substantial modifications. In this case, in fact, there is a surgery exact triangle that reads as follows (see [9, Theorem 9.1]):
H g g P P P P P P P P P P P P Here, F is t-equivariant and is, in fact, the map F ⊗ 1, where F is the map induced by the surgery cobordism between the twisted Floer homology groups. Moreover, t acts as the class of the capped-off surface T ∈ H 2 (Y λ+µ ). Since T acts as the identity on HF ∞ (Y λ+µ ), for all sufficiently large degrees the map F is multiplication by (1 − t), and in particular it induces a surjection on the towers in HF + (Y, t) for each torsion spin c structure t on Y . Now the argument runs as in the untwisted case to show the desired inequality; compare with [16, Theorem 9.1].
In case (3), we use the surgery triangle of Proposition 2.5:
As in the proof of Proposition 4.6 we show that the infinity version of G has the same kernel as the action of the dual knot of K, say K ′ ⊂ Y λ . Moreover, the usual argument shows that the infinity version of F , which is just 
, as an easy diagram chase shows. Unfortunately, we cannot apply this argument directly because in general the target of the cobordism maps will not have fully twisted coefficients.
To circumvent this problem, we observe that the left-hand side of the inequality (4.1) is additive while the right-hand side behaves telescopically when two negative semidefinite cobordisms are composed. Conversely, one can also show that the left-hand side splits appropriately when W is cut along a separating 3-manifold in its interior. It would therefore be enough to prove Theorem 4.1 for cobordisms consisting of single handle attachments. In fact, this strategy works quite well since Proposition 4.3 covers 1-and 3-handles, while Proposition 4.8 allow us to run the standard argument mentioned above. What remains are 2-handle attachments along knots in essential homology classes. It turns out that these actually cannot be treated separately but have to be paired with 1-handles. It is at this point that the assumption on the map H 1 (Y ; Q) → H 1 (W ; Q) becomes relevant and we are forced with the coefficient systems used in Proposition 4.6.
As a last preparatory remark, we can restrict our attention to the case when H 1 (Y ; Q) → H 1 (W ; Q) is not only injective but actually an isomorphism. Indeed, if it is not surjective, say it has corank k, then we perform surgery on an embedded circle C ⊂ W \ ∂W which represents a non-zero class in H 1 (W ; Q) not contained in the image of H 1 (Y ; Q). The resulting cobordism W ′ has the same boundary as W and is easily seen to satisfy b of H 1 (Y ; Q) .
We now begin the actual proof. We choose a handle decomposition of W and put it in standard ordering as defined by Ozsváth and Szabó (see [14, p.243] (N, t N ) where t N = s| N is easily seen to be torsion. We further decompose W 12 into pieces V 1 and V 2 along Y #S n where V i contains all i-handles. Note that the attaching circles K 1 , . . . , K n ⊂ Y #S n of the 2-handles span the subspace H 1 (S n ; Q) ⊂ H 1 (Y #S n ; Q). In particular, W 12 is a rational homology cobordism which, in turn, implies that the twisted cobordism map has the correct functoriality. To show that it is an isomorphism we invoke the composition law for twisted coefficients [9, Section 2.3]. On the one hand, we observe that in the identification of Example 4.5(iii) we have
which follows from the definition of the maps induces by 1-handles [18, Section 4.3] . On the other hand, Proposition 4.6 applies to the 2-handles with V = H 2 (S n ) and shows that F ∞ V2,s maps the image of F ∞ V1,s isomorphically onto HF ∞ (N, t N ). We can therefore conclude that we have an isomorphism
, which finishes the proof.
Intersection forms of smooth fillings
We already mentioned that Theorem 1.1 imposes restrictions on the possible intersection forms of smooth 4-manifolds with fixed boundary. We will now make the nature of these restrictions more precise. We begin with some general remarks about non-degenerate symmetric bilinear forms over the integers. Let L be a free Abelian group of rank n equipped with an integer-valued symmetric bilinear form S and let d = |det S|. Recall that S is called non-degenerate if d = 0 and unimodular if d = 1. We will refer to the expressions of the form S(x, x), x ∈ L, as squares of S. We say that S is semidefinite (or simply definite in the non-degenerate case) if all non-zero squares have the same sign, and indefinite otherwise. Furthermore, S is called even if all squares are even, and odd otherwise. If S is non-degenerate then L canonically embeds into the dual group L * = Hom Z (L, Z) as a subgroup of index d. Consequently, we can identify L with its image in L * and extend S to a rational-valued form on L * as follows. For any λ ∈ L * we have dλ ∈ L and we set
for any pair λ, µ ∈ L * .
Remark 5.1. A less intrinsic but more geometric picture emerges when we embed L as a lattice in R n in such a way that S corresponds to the standard inner product with the same signature as S (which is possible by Sylvester's law of inertia). After fixing such an embedding L ⊂ R n one can conveniently think of L * as the dual lattice {y ∈ R n | x · y ∈ Z ∀x ∈ L} leading to a chain of inclusions L ⊂ L * ⊂ R n and both S and S * are given by the relevant inner product on R n .
The main purpose for introducing L * is that it serves as a host for the characteristic covectors of S which form the set
From these we extract a numerical invariant sometimes called the shadow length
Note that in the lattice picture s(S) measures the length of the shortest characteristic covector of S. For cosmetic reasons we also introduce the shadow colength
To the best of our knowledge these invariants first appeared implicitly in the work of Elkies [4, 5] which was inspired by Donaldson's theorem. We will say more about their algebraic significance after explaining the relation to Theorem 1.1. Now let Z be a smooth filling of a fixed 3-manifold Y and let ker(Q Z ) be the kernel of the intersection form on H 2 (Z). The quotient L Z = H 2 (Z)/ ker(Q Z ) is easily seen to be free Abelian of rank b
and Q Z descends to a nondegenerate form on L Z , henceforth denoted by S Z , which we will refer to as the non-degenerate intersection form of Z. Together with the observation that ker(Q Z ) contains the image of H 2 (Y ) as a subgroup of full rank the universal coefficient theorem gives identifications
Moreover, an inspection of the homology sequence of the pair shows that L * Z /L Z injects into the torsion subgroup of H 1 (Y ) so that | det(S Z )| is bounded by the order of the torsion subgroup of H 1 (Y ). In order to state a more algebraic reformulation of Theorem 1.1 we introduce the notation
which gives an invariant that does not depend on any spin c structure but only on Y .
Theorem 5.2. Let Z be a smooth filling of Y . If S Z is negative definite, then any characteristic covector κ ∈ χ * (S Z ) satisfies
In other words, we have an upper bound on the shadow colengths(
Proof. This is an immediate consequence of Theorem 1.1 once we understand the relationship between spin c structures on Z and characteristic covectors of S Z . Since this is common folklore, we shall be brief. By the above identification of L * Z any s ∈ Spin c (Z) such that c 1 (s| Y ) is torsion gives rise to an element κ s ∈ L * Z . Moreover, we have κ s (x) = c 1 (s),x for anyx ∈ H 2 (Z) representing x ∈ L Z which shows that κ s ∈ χ * (S Z ). 2 One readily checks that χ * (S Z ) has a free and transitive action of 2L * Z which can be realized by the action of Having identified the shadow colength as the algebraic invariant obstructed by the δ-invariant, and thus by the twisted correction terms, we now take a closer look from an algebraic perspective. We restrict our attention to a negative definite form S. An important feature is thats(S) a priori lies in a bounded range
The right inequality holds by definition with equality precisely when S is even (both conditions are equivalent to 0 ∈ χ * (S)). The left inequality was first proved by Elkies [4] for unimodular forms and was extended by Owens and Strle [13] to the general case. More interestingly, their results also show that the equalitys(S) = 0 hold if and only if S ∼ = I r = r −1 where r = rk(L). This already shows thats is a powerful invariant. Theorem 5.2 together with (5.1) yields the following. Next we observe thats is additive and thus invariant under addition of I r . But any negative definite form S can be written as S ∼ = S 0 ⊕ I r where S 0 is minimal in the sense that it has no element of square −1 so thats(S) =s(S 0 ). Moreover, the number r and the isomorphism class of S 0 are uniquely determined by S. Note that this includes Theorem 1.2 as a special case for r = 0.
Proof. Since S 0 is even, its rank agrees withs(S 0 ) =s(S Z ) and the bound follows from Theorem 5.2. Moreover, the determinant of S 0 agrees up to a sign with that of S Z which is bounded in absolute value by the order of the torsion subgroup of H 1 (Y ). Since there are only finitely many isomorphism classes of definite forms with given rank and determinant, the result follows.
It is an interesting question whether the assumption that S 0 is even is necessary in Corollary 5.4. In essence, this was already asked by Elkies [5, p.650 ].
Question 5.5 (Elkies). Does an upper bound ons(S 0 ) for a minimal (unimodular) form S 0 imply an upper bound on the rank of S 0 ?
As far as we know, this question is still open. Some evidence for an affirmative answer is available in the unimodular case. Elkies showed that there are exactly 14 non-trivial minimal unimodular lattices withs(L 0 ) ≤ 8 [4, 5] ; in addition, rank bounds are known fors(L 0 ) ≤ 24 [8, 12] .
Computations and applications
After the abstract algebraic considerations in Section 5 we now turn to more concrete problems. We begin by giving a computation of the twisted correction terms of Σ g × S 1 for a surface Σ g of arbitrary genus g. For g ≥ 1 these are arguably the simplest examples of 3-manifolds with non-standard HF ∞ and as such they are not accessible to the previously available (untwisted) correction terms. 6.1. A surface times a circle. Recall from Example 3.
. It turns out that this pattern continues as follows. Theorem 6.1. Let Σ g be a closed, oriented surface of genus g. Then the unique torsion spin c structure t 0 on the product
In other words, we have
where ⌈·⌉ is the ceiling function.
We split the proof into two parts. We first exhibit an explicit filling that realises the lower bound δ(Σ g × S 1 ). The second part is an inductive argument based on a computation of d(Σ 2 × S 1 , t 0 ) which will occupy most of the present section.
Proposition 6.2. Σ g × S 1 has a smooth filling Z g with even, negative semidefinite intersection form of rank b
. In Lemma 6.9 below we will also determine the intersection form of the 4-manifold Z g constructed below.
Proof. We first construct a 4-manifold Z ′ g as the complement of a (symplectic) genus-g surface of self-intersection 0 in a blow-up of CP 2 . We start with a configuration of g + 1 complex curves of which g are smooth generic conics in a pencil, and the remaining one is a generic line. This configuration has 2g double points and four points of multiplicity g. One can resolve the double points in the symplectic category, hence obtaining a symplectic curve with four points of multiplicity 2g. We now blow up CP 2 at these points, and at 4g + 1 generic points of the curve. Taking the proper transform gives a smooth symplectic curve C of self-intersection 0 in X = CP 2 #(4g + 5)CP 2 in the homology class
[C] = (2g + 1)h − g(e 1 + · · · + e 4 ) − (e 5 + · · · + e 4g+5 ).
The canonical divisor K X of X is Poincaré dual to e 1 + · · · + e 4g+5 − 3h, hence the adjunction formula reads
showing that C has genus g(C) = g. In particular, the complement Z ′ g of an open, regular neighbourhood of C in X is a filling of Σ g × S 1 and we claim that for odd g it has all the required properties. In fact, it is negative semidefinite, since C 2 = 0 and b 
. Moreover, if Z has an even intersection form, then so does Z ∪ W g . So for g even and positive we let
The second ingredient for our proof of Theorem 6.1 is the following special case. 
The computation is lengthy and technical and we postpone it until Section 6.1.1. We first explain how it fits into the proof of Theorem 6.1.
Proof of Theorem 6.1. For brevity we write Y g = Σ g × S 1 and omit the unique torsion spin c structure from the notation. We proceed by induction on g. As mentioned in Example 3.5, the computations of d(Y g ) for g = 0 or 1 are covered in the literature, and the case g = 2 is obtained in Proposition 6.3 above.
Suppose now that g > 2. There is a cobordism from Y g to Y g−2 #Y 2 obtained by attaching a single 2-handle along a null-homologous knot with framing 0. This is shown in Figure 1 : in the top picture, the dashed curve represents the attaching curve of the 2-handle, and the other curves give a surgery presentation for Y g ; the bottom picture is obtained from the one on top by a handleslide, and it shows that the positive boundary of the cobordism is Y g−2 #Y 2 . In particular, the assumptions of Theorem 4.1 are satisfied by this cobordism, and applying additivity we get
. On the other hand, Proposition 6.2 ensures that Y bounds an even, negative semidefinite 4-manifold Z with b In what follows, we will denote by K the right-handed trefoil T 2,3 , by K 2 the connected sum of two copies of K, i.e. K 2 = T 2,3 #T 2,3 . Also, we will denote by M (a, b, c, d ) the manifold obtained by doing surgery along the framed link L in Figure 2 . Notice that the 0-framed component of L is distinguished, since it is the only component of Seifert genus 2 in the complement of the other components. We note here the following identifications: M (a, b, c, d) .
When a 3-manifold admits a unique torsion spin c structure (and this is the case for all manifolds in this section, except for one, in the proof of Lemma 6.6), we suppress the spin c structure from the notation. 
Proof. Recall that K is an L-space knot, and that in fact S 1, 1, 1) , we have the following long exact sequence of exact triangles, as in the proof of Lemma 6.5:
Notice that the "new" variable t is the one associated with the second Seifert surface, since the first Seifert surface generates the homology of S . This is in turn equivalent to showing that the vertical map starting from
. For degree reasons, the image F + (x 0 ) of x 0 in HF + (S 3 0 (K)) lies in the reduced part, which is a copy of F(s, t). Hence, it is torsion if and only if it vanishes; our assumption becomes that F + (x 0 ) = 0. Observe that the map F + restricts to multiplication by ±1 on the tower T + (t), as in the proof of Lemma 6.5. Since the bottom-most element of the tower is in the image of β 2 , by commutativity of the diagram, it follows that the restriction ofF to the subspace F(s, t) − Proof of Proposition 6.3. The argument here will be similar to the one seen in the proofs of the three lemmas above. We first claim that HF The roots in R intersect according to the Dynkin diagram D n shown above; therefore, R generates a sublattice Q ′ ⊂ Q of index 2 isomorphic to the lattice D n . We think of D n as sitting in R n (with orthonormal basis {f 1 , . . . , f n }), generated by the roots {f 1 + f 2 , f 1 − f 2 , . . . , f n−1 − f n }.
In particular, the two "short legs" of the Dynkin diagram are f 1 + f 2 and f 1 − f 2 . Recall that there are only two unimodular overlattices of D n up to isomorphism: Z n and Γ n , both sitting in R n ; see [3, Section 1.4 ]. The overlattice is Z n if and only if it contains f 1 , i.e. only if it contains half of the sum of the two "short legs" of the Dynkin diagram, and it is Γ n otherwise. Since the action of the Weyl group on the set of fundamental sets of roots is transitive, we may assume that the isomorphism between Q ′ and D n identifies the two chosen bases. The two short legs of R are e 1 − e 2 and e 3 − e 4 , and their sum y is represented by vectors y + X none of which divisible by 2 in Q: if k is odd h, y + kx is odd, and if k is even e 1 , y + kh is odd. Hence Q is isomorphic to Γ n .
For fillings of T 3 and Σ 2 × S 1 we haves(S Z ) =s(S 0 ) ≤ 8. As mentioned at the end of Section 5, this leaves 14 possibilities for S 0 , assuming that it is nontrivial (see Elkies' list in [4, p.326] ). Among these we find Γ 8 ∼ = E 8 and Γ 12 from Example 6.8 above. It is well-known that E 8 is the only non-trivial even lattice of rank at most 8. As an immediate consequence we get a slightly stronger version of Theorem 1.3.
Corollary 6.10. Let Z be a smooth filling of T 3 or Σ 2 × S 1 with S Z negative definite of the form S 0 ⊕ I r with S 0 even. Then S 0 is either trivial or isomorphic to E 8 and both cases occur.
Another way to look at this question is which is the simplest 3-manifold that can appear on the boundary of a smooth 4-manifold whose non-degenerate intersection form is a given lattice, for example the Leech lattice. In this special case Σ 5 × S 1 might be considered a satisfactory answer.
If we increase the genus further, thereby further weakening the bound ons(S Z ), we soon enter uncharted algebraic territory. As mention above, up to shadow colength 24 there is a manageable list of even unimodular lattices and the number of minimal lattices is known to be finite but possibly large [8, Ch. 5] . Beyond this range the number of lattices allowed by Theorem 5.2 explodes, rendering any attempt of an enumeration extremely difficult if not impossible. As a consequence, without further obstructions there is little hope for a classification of all lattices that can appear as non-degenerate intersection forms of fillings of 3-manifolds with large δ-invariants.
6.2.
Embeddings into closed 4-manifolds. In this section, P will be a fixed integral homology sphere such that d := d(P, t 0 ) = 0 for the unique spin c structure t 0 on P . In what follows, the spin c structure will be omitted from the notation whenever possible; also, nP will denote the connected sum of |n| copies of P or −P (i.e. P with the reversed orientation) depending on the sign of n. For example, the Poincaré sphere satisfies these requirements, since d(S 3 +1 (T 2,3 )) = −2. Proposition 6.14. Fix a 3-manifold Y and a closed, smooth 4-manifold X with definite intersection form. There exists an integer N , depending only on Y , such that Y n = Y #nP does not embed in X as a separating hypersurface for |n| > N .
Proof. Notice that the statement is independent on the orientation of P , thus we can pick the orientation of P for which d > 0. In particular, as P is an integral homology sphere, d is an even integer, hence d ≥ 2. Similarly, we can assume that X is negative definite.
For each n there is an isomorphism Spin c (Y ) → Spin c (Y n ) defined by t → t#t n that carries torsion spin c structures to torsion spin c structures, where t n is the unique spin c structure on nP . Now assume that there is a separating embedding Y n ֒→ X. Let Z and Z ′ be the closures of the connected components of X \ Y n , labelled so that ∂Z = −∂Z ′ = Y n . Notice that both Z and Z ′ are negative semidefinite so that Corollary 5. In particular, when Y is either the 3-torus T 3 or Σ 2 × S 1 , this shows that Y #nP cannot be embedded in a negative definite 4-manifold X whenever n ≥ 2.
